Califano, M. and Harrison, P. (2002) We present a systematic investigation of the strain distribution of self-assembled pyramidal In 1Ϫx Ga x As/GaAs and Si x Ge 1Ϫx /Si quantum dots for the case of growth on a ͑001͒ substrate. The dependence of the biaxial and hydrostatic components of the strain on the quantum dot volume, aspect ratio, composition, and percentage of alloying x is studied using a method based on a Green's function technique. The dependence of the carriers' confining potentials and the electronic effective mass on the same parameters is then calculated in the framework of eight-band k•p theory. The results for which comparable published data are available are in good agreement with the theoretical values for strain profiles, confining potentials, and electronic effective mass.
I. INTRODUCTION
High strain epitaxy has now become a standard technique for the production of quasi-zero-dimensional systems via Stranski-Krastanov growth.
1 Due to the lattice mismatch between deposited material and substrate, the system is under high strain, which is partly relaxed by the elastic deformation leading to the formation of three-dimensional ͑3D͒ islands. The strain is therefore a key feature of the dots and causes large changes in both the band profiles and the carrier effective masses, if compared with the bulk values, which become functions of position inside the dot. Islands of various sizes and shapes have been reported, 2-6 depending on the epitaxial method and on the particular growth conditions, such as temperature, growth rate, etc. But besides the size and shape, another crucial parameter varies with the growth conditions: their composition. In fact it is now believed that even though it is possible, in principle, to achieve the formation of, say, pure InAs islands on a GaAs substrate by following a careful ͑i.e., low temperature, low growth rate͒ growth procedure, the capping process, besides altering the dot shape, 5-7 decreases the InAs composition in the islands to 60%-70%. 8 The problem is that the InAs percentage in the dot may not be constant, either, but may decrease from the top to the base of the pyramid. 8, 9 A way to overcome this uncertainty about the composition could be to grow In 1Ϫx Ga x As with xϭ0.5 directly from the start, which, under certain conditions, should give dots with virtually the same composition, 10 avoiding any problems in the determination of the InAs content. The alloy island, due to the value of its lattice constant ͑intermediate between that of pure dot material and that of pure substrate͒ is expected to exhibit a different strain configuration compared to the pure dot material.
In this article we will investigate the influence of volume, aspect ratio ͑Qϭb/2h, where b is the pyramid base and h its height͒ and composition ͑percentage of alloying x͒ on the hydrostatic and biaxial strain components and on the related carrier confining potentials and the electronic effective mass in self-assembled pyramidal In 1Ϫx Ga x As/GaAs and Si x Ge 1Ϫx /Si quantum dots ͑QDs͒, for the case of growth on a ͑001͒ substrate. The article is organized as follows. In the next section we describe the model used for the calculations. In Sec. III we present and discuss our results and compare them with previous available theoretical calculations. Sec. IV contains the conclusions.
II. MODEL A. Strain distribution
The strain distribution is calculated by means of the Green's function technique, 11 and takes into account the anisotropy of the elastic properties in cubic crystals. The Fourier transform of the strain tensor for QDs with cubic symmetry is It is interesting to mention that expression ͑1͒ is obtained by adopting for the strain the initial condition
͑5͒
which implies a compressive strain along both the in-plane and growth directions, unlike the case of pseudomorphic growth of strained layers where to a compressive ͑tensile͒ in-plane strain corresponds a tensile ͑compressive͒ strain along the growth direction. If we try to force the same initial condition for a pyramidal system, the strain component along the growth direction is always positive ͑tensile͒ even at the tip of the dot, in contrast with all the previously published theoretical results.
B. Band lineups
Starting from the hydrostatic and biaxial components of the strain, we calculated the band-edge energies at the Brillouin zone center (kϭ0). In the framework of the eightband k•p theory the energy shifts are given by 
where ⌬ 0 is the spin-orbit splitting in the absence of strain.
The strain-dependent shift ␦E sh depends on the interface orientation. In the case of growth on a ͑001͒ substrate
where b is the shear deformation potential. The hydrostatic strain component ͑see Fig. 1͒ h ϭ xx ϩ yy ϩ zz ͑16͒ leads therefore to a shift of both the average valence-band energy E v,av and the conduction-band energy E c ͑a v and a c are the respective hydrostatic deformation potentials͒, whereas the direction and magnitude of the splitting of the light-, heavy-hole and split-off bands depend only on the biaxial strain ͑see Figs. 1 
͑17͒
Finally, we have
The values of the average valence-band energy E v,av , the band-gap energy E g , the split-off energy ⌬ 0 , the deformation potentials a c , a v , and b, the lattice constant a and the elastic moduli C 11 , C 12 and C 44 are reported in Table I .
C. Conduction-band effective masses
For a nondegenerate ͑apart from spin͒ band edge with energy ⑀ 0 the dispersion relation for small k is parabolic in k in the vicinity of the ⌫ point
where
and the spin-orbit term proportional to ϫٌV in has been neglected. For the conduction-band edge associated with the anti-bonding s orbitals ͑⌫ 6 symmetry͒, considering only the contributions of the ͑quadruplet͒ states mϭ⌫ 8 ͑heavy and light holes͒ and ͑doublet͒ mϭ⌫ 7 ͑spin-orbit split-off band͒, the effective mass can be expressed as
where P is the interband matrix element
͑26͒
From Eq. ͑25͒ we obtain
Since in the present case m ⌫ 6 Ӷm 0 , the term m ⌫ 6 /m 0 has been neglected. Substituting Eq. ͑27͒͑ obtained in the absence of strain͒ into Eq. ͑23͒͑ where all the matrix elements considered in the summation are proportional to P͒, assuming that P does not change significantly with strain, we obtained the strain-dependent expression for the effective mass tensor m ii c ͑the in-plane and perpendicular components are displayed in Fig. 3͒ 1 
where m ⌫ 6 is the bulk electronic effective mass. A similar approach to the electron effective mass tensor was used by Fonseca et al. 25 who, nevertheless, did not take into account the coupling with the split-off band.
D. Valence-band effective masses
Unfortunately the same treatment is unsuitable for the valence-band states ⌫ 8 and ⌫ 7 , because they do not couple with each other. 26 In other words, the matrix elements ͑23͒. This could be regarded as a higher order contribution so that in the first approximation the heavy-hole effective masses could be considered to be independent of strain.
The problem is that according to Cusack, Briddon, and Jaros 13 the heavy-hole effective mass value in the dots is far from both the bulk and the quantum well values: their estimate for m hh,z ͑derived by performing empirical pseudopotential and ab initio local density calculations for the InAs band structure under strain, near the center of a pyramid with hϭ60 Å and bϭ120 Å͒, is 0.59, while the isotropic bulk value is m hh ϭ0.40. Strangely enough, the two-dimensional ͑quantum well͒ system value m hh,z ϭ(␥ 1 Ϫ2␥ 2 ) Ϫ1 ϭ0.263 ͑according to Chuang, 15 but 0.345 according to the values for ␥ 1 and ␥ 2 reported by Jiang and Singh 14 ͒͑ which is the one suggested for the dots by k•p approach͒ is not intermediate between the zero-and the three-dimensional system ones.
In the framework of k•p theory in order to obtain nonzero matrix elements we should use at least a 14-band Hamiltonian ͑which takes into account three more conduction bands͒, but in this case we would not know all the deformation potentials for the higher bands.
E. Alloys
The lattice constant for the ternary ͑T͒ alloy In 1Ϫx Ga x As ͑of the form AB x C 1Ϫx , or binary Si x Ge 1Ϫx ,͓B x C 1Ϫx ͔͒ was obtained from linear interpolation of that of the binary ͑B͒ constituents according to Vegard's law 21 a ABC ͑ x ͒ϭxa AB ϩ͑1Ϫx ͒a AC , ͑30͒
whereas for parameters such as E g , E v,av and ⌬ 0 we used the quadratic approximation
where C is the bowing parameter, which is constant for E g and ⌬ 0 ͑C E g (In 1Ϫx Ga x As)ϭ0.38, C ⌬ 0 (In 1Ϫx Ga x As) ϭ0.15). 27 For Si x Ge 1Ϫx the composition dependence of the valence-band spin orbit splitting is linear, 22 and since the dots are of type II, i.e., the electrons are not confined inside the dot but in the substrate, there being no need for great accuracy in the determination of the conduction-band profile, we have used a simple linear relationship for the band gap energy E g as well͒. For E v,av the bowing parameter depends on the hydrostatic deformation potentials of the binary constituents where
and ⌬aϭa͑AB͒Ϫa͑AC͒. ͑34͒
III. RESULTS AND DISCUSSION
This section is divided into three subsections each of which analyzes how the dot properties we are interested in ͑i.e., strain distribution, band lineups and electron effective mass tensor͒ change by varying a different parameter. We present an investigation of their dependence on the volume, for a fixed aspect ratio Qϭ1, in subsection III A, and on the aspect ratio ͑for a virtually constant volume͒ in subsection III B, for dots with pure InAs composition. Their behavior as a function of both the variables is, nevertheless, general and can be applied to other lattice mismatched, pseudomorphically grown heterostructures. Therefore, since the great majority of experimental Si/Ge QDs have Q of about 4 -7 [29] [30] [31] [32] ͑values for which both strain and band edge profiles are rather constant inside the dot, as can be seen below͒, we did not repeat the calculations for this material. We preferred, instead, to present strain and band edges for experimental samples, and compare them for different Si contents in the last subsection, where we study the effect of varying the dot composition accounting for 30% and 50% ͑xϭ0.3 to 0.5͒ substrate alloying. Three experimental InAs structures with aspect ratios ranging from 1.4 to 4.5 ͑which explains our choice of the range of variation for Q͒ have been considered as well.
A. Volume dependence
In Fig. 4͑a͒ we show the variation with volume of the hydrostatic and biaxial component of the strain ͑as in Refs. 13 and 14, we plot zz Ϫ0.5( xx ϩ yy )ϭ b /2 instead of the full biaxial strain ⑀ b ͒ for InAs structures with aspect ratio Qϭ1, as a function of the normalized position along the height of the pyramid. As the volume varies from 36 000 Å 3 to 4 500 000 Å 3 , the overall shape of the curves does not change, whereas the values of both components depend weakly on the volume. This dependence is more pronounced near the base and the tip of the pyramid and reflects itself in a similar difference in the band lineups ͓Fig. 4͑b͔͒ and electron effective mass components ͓Fig. 4͑c͔͒.
The curves we obtain for both electron confining potential and effective masses of the structure with hϭ100 Å and bϭ200 Å are in agreement with those reported by Fonseca et al. 25 ͑the agreement is excellent for the electron band FIG. 6. In-plane ͑⑀ xx , solid lines͒ and perpendicular ͑⑀ zz , dashed lines͒ strain components, as a function of the position along the height of the pyramid, for InAs structures with aspect ratio Qϭ1 and hϭ60 Å ͑a͒,a n dQ ϭ4 and hϭ25 Å ͑b͒.
edge, for which we obtain the same value at the center of the pyramid. Note that in Ref. 25 on the x axis the distance is measured from the top, whereas in the present article we measure it from the bottom͒. Nevertheless, if we use their expressions for the effective masses ͑which are similar to ours but neglect the coupling with the split-off band͒, the results of the calculations consistently overestimate the effective masses by about 6% for all the structures considered, if compared to those obtained with our expressions ͑they themselves mention that the electronic energy levels obtained with their procedure are 5%-10% higher than the exact values, if compared with an eight-band k•p calculation. In fact, neglecting the coupling between the light-hole and the split-off bands can lead to an error in the light-hole energies comparable to the light-and heavy-hole energy splittings which could be several tens of meV and too large to be ignored. 15 This, in turn, is expected to affect the value of the electronic effective mass components͒. If we compare the value for the perpendicular component of the effective mass in the center of the pyramid reported in Ref. 25 ͑we choose this point to conform to the choice of Cusack, Briddon, and Jaros 13, 18 ͒ with the value in the same point from Fig. 4 , the overestimate is about 4%.
The average value of the effective mass of all three structures, which is a factor of 2 larger than the bulk value ͑see Table II͒ , is in agreement with that calculated by Cusack, Briddon, and Jaros. 
B. Dependence on Q
The situation is completely different when we keep the volume virtually constant and vary the aspect ratio Q between 1 and 4 ͑as shown below, this variation covers most of the experimental samples obtained so far by epitaxial growth͒. The largest variation in volume is from 288 000 to 341 333 Å 3 , which correspond to a variation of the dimensions of the dot from hϭ60 Å and bϭ120 Å, to hϭ63.5 Å and bϭ127 Å, which, as can be seen in Fig. 4͑a͒ , does not introduce any detectable variation in the strain curves. Figure 5 displays the results of our calculations. For Qϭ1 the biaxial strain becomes negative at about 2/3 of the pyramid height. This means that the zz strain tensor component equals the xx ϭ yy one ͑pure hydrostatic pressure͒ at that point, in excellent agreement with the results reported by Cusack and co-workers. 18 As a consequence of this change of sign of the biaxial component ͑see Fig. 5͑b͒ , the heavy-hole band edge becomes lower in energy than the light hole one ͓see Eq. ͑12͔͒. For higher Qs this transition occurs much nearer to the tip ͑at about 1/10 of the height from it, for Qϭ2, and at the tip, for Qϭ3,4͒. The strain profile for Q ϭ4 is in agreement with that reported by Cusack and co-workers 18 for a structure of the same dimensions, where no region of purely compressive stress was found within the dot, and therefore the heavy-and light-hole potentials were well separated ͓as in Fig. 5͑b͔͒ strain maximum increases with Q, whereas its minimum decreases. Another interesting feature is that with increasing Q the depth ͑both absolute and measured in units of the pyramid height͒ of the region of substrate above the dot where the biaxial strain component is nonzero also increases. In other words, the lower the height ͑the flatter the pyramid͒ the deeper the effect of the strain on the substrate above it. These differences in behavior for different Qs ͑as opposed to the almost unchanged shapes of the curves for different volumes͒, can be explained in terms of the different effects the surrounding ͑substrate and barrier͒ material produces on dots of different shape. For all Qs the in-plane lattice constant is compressed by the substrate near the base ͓which gives a negative xx and a positive zz component, see Figs. 6͑a͒ and 6͑b͔͒. For low Q structures, however, as one moves towards the tip, the barrier material that surrounds the dot compresses the perpendicular lattice constant as well, producing a region where both zz and xx are negative, till, nearer to the apex, the xx component becomes positive ͓as in Fig. 6͑a͔͒ . High Q pyramids, instead, are flatter and the compression caused by the substrate to the sides is not enough to produce any change in sign of the strain tensor components. This means that zz at the pyramid tip is still positive ͓i.e., the dot perpendicular lattice constant is still larger than the unstrained one, as in Fig. 6͑b͔͒ , and therefore no region of pure hydrostatic pressure is found within the dot. As a consequence, no crossing between the heavyand light-hole bands occurs within the dot and the region of the substrate above it where the barrier material zz stays negative ͑i.e., where the barrier material z lattice constant is smaller than the unstrained one͒ increases ͑in other words, since the z component of the strain at the pyramid tip is still tensile, the region immediately above it must be under a compressive strain along that direction͒. This is a factor that has to be taken into account when stacked arrays of self-assembled QDs are grown. High Q dots will, in fact, require thicker spacing layers to be considered isolated ͑electronically decoupled͒, than needed by low Q dots. On the other hand, if one wants to achieve vertical alignment and coupling of QDs by exploiting the strain coupling effect, the growth of high or low Q dots allows the spacing layer to be tailored to suit any particular device requirement.
Even though Fig. 5 seems to suggest a similar increase also in the region below the pyramid, this effect is only due to the normalization. If plotted on an absolute scale, there is no difference in the extension of this region for the different values of Q considered here.
Both the hydrostatic and the biaxial components are in good agreement almost everywhere with microscopic atomistic calculations of the strain distribution such as those reported ͑for a structure with hϭ60 Å and bϭ120 Å͒ by Cusack, Briddon, and Jaros. 13 and Jiang and Singh, 14 
of the pyramid (h/2) for three experimental InAs structures with aspect ratio Q ranging from 1.4 to 4.5 ͑since the last pyramid has a rectangular base we report both dimensions͒. the valence force field model by Keating 16 and Martin. 17 The maximum value for the biaxial strain we calculate at the base of the pyramid is, nevertheless, about 30% lower than that reported in the cited works ͑see Fig. 1͒ . This is expected to affect the biaxial-strain-dependent shift ␦E sh between the valence bands at that point. Comparison with the hole potential profiles reported by Cusack and co-workers in Ref. 18 shows that the light-hole band edge at the base of the dot for the structure with Qϭ1 in Fig. 2 has actually a value about 20% lower than that resulting from their calculations. The same comparison for the structure with Qϭ4 reveals that, even though the overall shape of the band edge profiles shown in If, on the other hand, we compare our results ͑Fig. 4, dashed lines͒ with the strain profiles reported by Andreev et al. 11 for a pyramid with bϭ60 Å and hϭ30 Å, we find that both the strain components are in very good agreement almost everywhere except at the tip of the dot where the biaxial strain value they calculated is about 70% higher than that shown in Fig. 4 , whereas the agreement is still good for the hydrostatic component. This discrepancy is hard to explain, since we use the same expression for the Fourier transform of the strain tensor. However, the choice of other parameters such as the integration domain and the number of sampling points for the calculation of the three-dimensional inverse Fourier transform integral in the momentum space may have affected the results.
The most relevant feature about the band edges that emerges from the comparison among the curves in Fig. 5 is that with increasing Q the overall depth of both the electron and hole confining potentials increases and becomes less variable with position ͑i.e., more potential-well-like͒ inside the dot. All this has the effect of decreasing the value of both the electronic effective mass components m e,Ќ and m e,ʈ with increasing Q.
In Tables II and III we present the results of our calculations for the electronic in-plane and perpendicular effective masses ͑in units of m 0 ͒ and carrier confining potentials ͑in meV͒͑both on average and calculated in the center of the pyramid h/2͒ for InAs structures with aspect ratio Q ranging from 1 ͑four structures with different volumes͒ to 4.
The value of the perpendicular ͑i.e., along the growth direction͒ electron effective mass calculated in the center of the pyramid decreases by about 2% with increasing volume for a fixed Q ͑and up to twice as much with increasing Q͒,in passing from the first structure to the fourth, whereas the in-plane component has a similar behavior with increasing volume but a greater decrease ͑about 10%͒ with increasing Q, if we compare the same two structures. The electron confining potential in the dot center increases by more than 12% with Q increasing from 1 to 4, and by about 4% increasing the volume from 36 000 to 4 500 000 Å 3 for Qϭ1. The heavy-hole band edge position in the center of the pyramid slightly decreases with increasing volume, whereas it increases by more than 50% when Q passes from 1 to 4. A similar behavior is found for the average values of these quantities.
In Fig. 7 we compare the strain, band edges and effective masses profiles for three experimental InAs QDs grown by Schmidt et al., 33 Murray et al. 34 and Noda, Abe, and Tamura, 35 respectively, with aspect ratios ranging from about 1.4 to about 4.5. The relevant quantities are reported in Tables IV and V. 
C. Alloying
When alloying ͑or intermixing͒ occurs during ͑or after͒ the growth process, the lattice mismatch between substrate and dot material is reduced, with a consequent proportional ͑we only consider alloys with uniform composition͒ reduction of the strain induced by it. This is shown in Fig. 8 , where we compare biaxial and hydrostatic strain for In 1Ϫx Ga x As pyramids with Qϭ1( hϭ60 Å) and a GaAs composition xϭ0, 0.3 and 0.5.
If we consider the energy lineups, it is apparent that with increasing GaAs composition both electrons and holes become progressively more weakly bound, due to the reduced difference in the carrier band edge positions between substrate and alloy dot. The electron confining potential undergoes the largest variation, decreasing from an average value of about 400 meV for xϭ0 to a value of only a few tens of meV ͑about 40 meV͒ for xϭ0.5, which, according to our calculations is not enough to trap any electron inside the dot ͑we assume a constant 3D confining potential inside the pyramid. See Ref. 36 for more details about the method employed͒. Even though its value at the base of the pyramid is of about 90 meV and stays higher than 50 meV almost until one half of the height, the potential well is still not sufficiently deep to bound an electron. The fact that In 1Ϫx Ga x As dots with a nominal In content of xϭ0.5 do actually have bound electronic levels may be explained in the light of recent experiments 37 which have found a highly nonuniform composition with an In-rich core having an inverted-pyramid ͑or-cone͒ shape in such structures. This In-rich region would then be responsible for trapping the electrons.
The electron effective masses ͑calculated in the center of the pyramid͒ follow a quasilinear behavior in passing from the value of 0.049 ͑for the perpendicular and 0.047 for the in-plane component respectively͒, for xϭ0 to 0.058͑0.057͒ for xϭ0.5 ͑the same is true for their average value, as shown in Tables VI and VII , where we present our results for the carrier confining potentials as well͒.
The same trend has been found for the Si x Ge (1Ϫx) /Si experimental structures considered, as shown in Figs. 9 and 10, where we compare, for two different experimental samples, 29, 30 the strain and band edge profiles for x varying between 0 and 0.5.
IV. CONCLUSIONS
We have presented an investigation of the strain distribution of self-assembled pyramidal In 1Ϫx Ga x As/GaAs and Si x Ge 1Ϫx /Si quantum dots in the case of growth on a ͑001͒ substrate, where the dependence of the biaxial and hydrostatic components on the quantum dot volume, aspect ratio, composition and percentage of alloying x has been calculated using a method based on the Green's function technique.
The dependence of the carriers' confining potentials on the same parameters has then been calculated in the framework of eight-band k•p theory. In this framework we derived an expression for the electron effective mass in-plane and perpendicular components which takes into account the coupling with the spin-orbit split-off band and demonstrated the importance of this inclusion by comparing our results with other published data, where this coupling is neglected.
Good agreement is obtained from the comparison ͑where possible͒ with theoretical values for strain profiles, confining potentials and electronic effective mass reported in the literature. 
